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Parameter estimation for a Lorentz invariance violation
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We employ techniques from quantum estimation theory (QET) to estimate the Lorentz violation
parameters in the 1+3-dimensional flat spacetime. We obtain and discuss the expression of the
quantum Fisher information (QFI) in terms of the Lorentz violation parameter σ0 and the momen-
tum k of the created particles. We show that the maximum QFI is achieved for a specific momentum
kmax. We also find that the optimal precision of estimation of the Lorentz violation parameter is
obtained near the Planck scale.
PACS numbers: 03.67.Mn, 03.65.Ud, 04.62.+v
I. INTRODUCTION
Invariance under Lorentz transformation is a funda-
mental symmetry in the General Relativity and in the
Standard Model of particle physics. However it is well
known that at energies near the Planck scale, Mp ≈
1.22×1019 GeV, the effects of quantum gravity are impor-
tant and the Lorentz symmetry is violated. The Lorentz
symmetry breaking mechanism has been initially dis-
cussed in the high energy context of string theory [1–3].
More recently the possible effects of Lorentz violation has
been studied in the contexts of loop quantum gravity [4],
inflationary cosmology [5, 6], dark energy problem [7, 8],
baryogenesis [9, 10], gravitational waves [11] etc. In ad-
dition, several studies of the phenomenological aspects of
quantum gravity suggest a violation of Lorentz symme-
try due to some deviations from the standard dispersion
relation [12–17].
The leading order modification to the dispersion rela-
tion can be represented by
E2 = p2c2 +m2c4 + Λpncn, (1)
where E, p andm are the energy, momentum and mass of
the particle, respectively. The parametrs Λ and n char-
acterize the Lorentz violation mechanism (n is dimen-
sionless and Λ has dimension of [mass]2−n). Different
approaches to quantum gravity suggest different disper-
sion relations from Eq. (1). As examples of such mod-
els we can mention the Double Special Relativity The-
ory [18–21], the Extra-Dimensional Theories [22], the
Horava-Lifshitz Theory [24–26] and the Theories with
Non-Commutative Geometries [26–28]. Another path
pursued in recent research is the possibility of particle
creation as well as entropy generation due to Lorentz in-
variance violation in the course of cosmological evolution
[29–31]. In this viewpoint, the existence of particles and
the entropy production can be interpreted as an evidence
for quantum gravity effects in the early universe. Since
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the Lorentz symmetry violation mechanism has an im-
portant role in modern theoretical physics, these investi-
gations are of great theoretical and experimental interest.
To obtain a better understanding of the mechanisms of
Lorentz violation in the early universe, it is interesting to
study the dynamics of Lorentz violation from the point of
view of quantum estimation theory (QET) [32–35]. Mo-
tivated by this consideration, in this work we consider a
time dependent deformed dispersion relation to describe
the effects of Lorentz invariance violation in the particle
creation process. Our interest is to investigate the higher
bound put on how precisely we are allowed to estimate
the Lorentz violation parameter. In this intuit, we ap-
ply techniques from QET to determine the lower bound
in an estimation scheme. This lower bound, known as
Cramer-Rao inequality is given by the inverse of the so-
called Fisher information F (θ):
(△θ)2 ≥ 1
F (θ)
, (2)
where
F (θ) =
∫
dξP (ξ; θ)
[
∂
∂θ
logP (ξ; θ)
]2
. (3)
Here θ is the parameter to be estimated, ξ denotes the
outcome of a measurement and P (ξ; θ) is the probabil-
ity distribution to obtain a certain measurement result
ξ parametrized by θ. In particular, we analytically cal-
culate the quantum Fisher information (QFI) and derive
the lower bound for the precision of Lorentz violation pa-
rameter. We find that the QFI approaches its maximum
value for a specific momentum, kmax, which allows to
archive the lower bound for precision of the estimation of
Lorentz violation parameter. In addition, we found that
near the Planck scale the Cramer-Rao inequality satu-
rates producing the small possible value for the variance
△σ0, which is the ultimate lower bound of precision.
This paper is organized as follow: in Sec. II, we intro-
duce the dynamical Lorentz violation model in flat space-
time and obtain the reduced density matrix. In Sec. III
we evaluate the QFI and the corresponding bounds for
precision of Lorentz violation parameter. Finally, a brief
summary of the main results obtained is presented in Sec.
IV.
2II. THE MODEL
It is generally believed that the quantum gravity ef-
fects are dominant in the very early universe. An ap-
proach that has been extensively considered in the liter-
ature to study such effects are to employ models based on
modied dispersion relations. These models effectively in-
troduce a fundamental scale (Planck scale) beyond which
the modications to the linear dispersion relation become
important. In particular, the model for a modification in
the dispersion relation which we use to derive our results
reads
ω2k = k
2 − σ2k4, (4)
where the coefficient σ2 represents the quantum grav-
ity parameter and expected to be of the order of Planck
scale. Notice that the last term of the modified dispersion
relation (4) breaks the Lorentz invariance. Furthermore,
it is worth mentioning that this modification in the dis-
persion relation is not a unique choice. In particular,
introducing a cubic term has been discussed in Refs. 15
and 36 and a more general dispersion relation in Ref. 17.
Since the Lorentz violation effects are expected to appear
at early time and then entirely subside at late time, we
will assume that the parameter σ has a time dependence
such that for very early times is a constant value and
vanishing for late times. In natural units (~ = c = 1),
when the values of σ approach 1 from of left, one recovers
prediction of certain quantum gravity models.
The action that can lead the modified dispersion re-
lation (4) for a scalar field φ in a 3+1-dimensional
Minkowski spacetime is given by [37]
S =
1
2
∫
d4x[ηµν∂µφ∂µφ+ σ
2(D2φ)2],
where ηµν is the metric tensor and σ is the time depen-
dent Lorentz violation parameter. The term D2φ cor-
responds to the covariant form of the spatial Laplacian
defined as
D2φ = −qµν∂ν(qτµ∂τφ), (5)
where qµν
qµν = −ηµν + uµuν , ηµνuµuν = 1,
indicates the spatial metric orthogonal to the unit time-
like vector uµ. The vector field uµ can be interpreted
as the four velocity of a preferred inertial observer. In
the rest frame of this preferred observer we have uµ =
(1, 0, 0, 0).
In the preferred frame the dynamics of the field φ is
governed by the Klein-Gordon equation
(ηµν∂µ∂ν − σ2qµνqαβ∂µ∂ν∂α∂β)φ(x, t) = 0. (6)
Since Minkowski spacetime admits a global timelike
Killing vector ∂t, the corresponding energy conservation
provides a natural way of classifying the solutions of
Eq.(6) into positive and negative frequencies. The so-
lutions of Eq. (6) are the eigenfunctions uk and u
∗
k of
the operator iL∂t with positive and negative eigenvalues,
respectively:
iL∂tuk = ωkuk, (postive frequency), (7)
iL∂tu∗k = −ωku∗k, (negative frequency). (8)
Here L denotes Lie derivative defined as Lξuk = ξµ∂µuk.
Thus, we can expand an arbitrary solution of Eq. (6) as a
sum of these positive and negative frequencies solutions:
φˆ(x, t) =
∫
d3k(aˆkuk + aˆ
†
ku
∗
k), (9)
where aˆ†k and aˆk are creation and annihilation operators,
respectively, which satisfy the following commutation re-
lations
[aˆk, aˆk′ ] = [aˆ
†
k, aˆ
†
k′
] = 0, [aˆk, aˆ
†
k′
] = δkk′ .
The vacuum state of the Lorentz violation model in
Minkowski spacetime can be defined as
aˆk|0LV〉 = 0, ∀k. (10)
Note that the vacuum state |0LV〉 was defined to a co-
ordinate system which corresponds to the rest frame of
a preferred inertial observer. Due to the linearity in φ,
the solutions uk and their complex conjugates form an
orthonormal basis of solutions with respect to the Klein-
Gordon scalar product
(uj, uk) = −i
∫
dΣnµ(uj
←→
∂ µu
∗
k − σ2qµνqαβuj
←−−−→
∂µ∂ν∂αu
∗
k),
where dΣ is the volume element and nµ is a future-
directed unit vector orthogonal to Σ. The notations
←→
∂ µ
and
←−−−→
∂µ∂ν∂α in the Eq. (11) are defined by
uj
←→
∂ µuk = uj∂µuk − uk∂µuj,
uj
←−−−→
∂µ∂ν∂αuk = uj∂µ∂ν∂αuk − uk∂µ∂ν∂αuj
− ∂µuj∂ν∂αuk + ∂µuk∂ν∂αuj
+ ∂νuj∂µ∂αuk − ∂νuk∂µ∂αuk
− ∂αuj∂ν∂µuk + ∂αuk∂ν∂µuj,
respectively. Since the spacetime is homogeneouns, the
mode functions uk can be separated as
uk(x, t) = (2pi)
− 3
2 eik·xχk(t), (11)
where χk(t) satisfy the following equations of motion
d2
dt2
χk(t) + (k
2 − σ2k4)χk(t) = 0. (12)
Let us assume that the time evolution of the Lorentz
violation parameter σ2 is given by
σ2(t) =
σ20
2
[1− tanh(ρ0t)], (13)
3where σ0 is the initial value of the Lorentz violation pa-
rameter and represents the quantum gravity regime in
our model. ρ0 is a positive real parameter controlling the
reduction of the effects of Lorentz violation in the time
interval ∆t shown in Fig. 1. From Eq. (13) we can find
that the parameter ρ0 is proportional to the inverse of
the time interval ∆t. Thus, ρ0 can be interpreted as the
rate of reduction of the trans-Planckian effects during the
early-stage evolution of the universe. We assume a flat
universe throughout the present paper, so the Minkowski
coordinates (t,x) are the comoving coordinates[? ] of an
inertial reference frame (the cosmic rest frame) in an ex-
panding universe model. The time t is the proper time of
an observer at rest and it is related to the conformal time
η via t = aη, where a is the scale factor describing cosmic
expansion. We would like to emphasize that this form of
the time evolution of the Lorentz violation parameter is
chosen such that the resulting equations are exactly solv-
able. In addition, our model is equivalent to the model
suggested in Refs. 30 and 31. The Lorentz violation pa-
rameter σ2(t) is sufficiently smooth and approaches con-
stant values in the distant past σ2(t → −∞) = σ20 and
in the far future σ2(t → ∞) = 0 as depicted in figure
(1). In such asymptotic regions, the dispersion relation
in Eq. (4) will take different forms. For the very early
times it has the form ωink =
√
k2 − σ20k4 and for the very
late times the dispersion relation becomes the standard
one, namely ωoutk =
√
k2.
t
Lorentz Violation
in−region out−region
0
Figure 1. Illustration of the time evolution of the Lorentz
violation parameter σ2(t) which possesses two asymptotic re-
gions. The parameter σ0 is the initial value of the Lorentz vi-
olation parameter and represents the quantum gravity regime
in the early universe.
Using the Eq. (13), we can solve the Eq. (12) in terms
of hypergeometric functions and obtain the following re-
sults for the normalized modes in the in-region and in
the out-region. They are
uink (x, t) = χ
in(t)eik·x−iω+t−
iω
−
ρ0
ln[2 cosh(ρ0t)], (14)
uoutk (x, t) = χ
out(t)eik·x−iω+t−
iω
−
ρ0
ln[2 cosh(ρ0t)], (15)
respectively, where
χin(t) =
1√
4piωink
F [a, b; c1;
1
2
(1 + tanh(ρ0t))],
χout(t) =
1√
4piωoutk
F [a, b; c2;
1
2
(1 − tanh(ρ0t))].
The constants above are defined as
a = 1 +
iω−
ρ0
, b =
iω−
ρ0
,
c1 = 1− iω
in
k
ρ0
, c2 = 1 +
iωoutk
ρ0
,
and the frequencies as
ω± =
1
2
(ωoutk ± ωink ).
The asymptotic solutions are connected by a Bogoliubov
transformation that only mixes the modes of the same
momentum k:
uink (x, t) = αku
out
k (x, t) + βku
out∗
−k (x, t), (16)
which accordingly implies a transformation between the
creation and annihilation operators as
aˆink = αkaˆ
out
k + βkaˆ
out†
−k (17)
where the Bogoliubov coefficients αk and βk satisfy the
normalization condition |αk|2− |βk|2 = 1. In this partic-
ular case they are readily evaluated to
αk =
√
ωoutk
ωink
Γ(1− iωoutkρ0 )Γ(
−iωink
ρ0
)
Γ(−iω+ρ0 )Γ(1−
iω+
ρ0
)
, (18)
βk =
√
ωoutk
ωink
Γ(1− iωoutkρ0 )Γ(
iωink
ρ0
)
Γ( iω−ρ0 )Γ(1 +
iω−
ρ0
)
. (19)
Now let us consider the vacuum state in the asymptotic
past |0LV〉in, which is annihilated by aˆink . We would like
to know the form of the state |0LV〉in in the asymptotic
future. To this end, we use the fact that aˆink |0LV〉in = 0.
If we substitute aˆink in terms of ‘out’ operators using Eq.
(17), we obtain
(αkaˆ
out
k + βkaˆ
out†
−k )|0LV〉in = 0. (20)
Without loss of generality, we consider the following
“ansatz” for the vacuum state in the asymptotic future
|0LV〉in =
∞∑
n=0
An|nk, n−k〉out. (21)
By substituting the expression above into Eq. (20), we
get the recurrence relation An =
(
β∗k
α∗
k
)
A0 and from the
4normalization condition we find |A0|2 = 1−
∣∣∣ βkαk
∣∣∣2. There-
fore, the vacuum state |0LV〉in in terms of ‘out’ modes in
the asymptotic future becomes
|0LV〉in =
√
1− γk
∞∑
n=0
γnk |nk, n−k〉, (22)
where
γk =
∣∣∣∣βkαk
∣∣∣∣
2
=
sinh2( piρ0ω−)
sinh2( piρ0ω+)
. (23)
Since we are working with a single mode, we will drop
the frequency index k. Note that the state in Eq. (22)
is a bona fide two mode squeezed state. After particle
creation in the out-region, each pair of modes with oppo-
site momenta are separated on cosmological scale, thus a
local inertial observer in the out-region access only one of
each pair of modes, say k, with the mode −k traced out.
This means that an inertial observer in the out-region de-
tects a distribution of particles with modes k according
to the marginal state
ρˆk = Tr−k[ρˆk,−k],
= (1 − γk)
∞∑
n=0
γnk |nk〉〈nk|, (24)
where the density matrix of whole state ρˆk,−k corre-
sponds to ρˆk,−k = |0LV〉in〈0LV|. Note that information
about the parameters σ0 and ρ0 is codified in the final
state ρˆk. By applying quantum estimation techniques
on the state ρˆk we can find a set of measurements that
allows us to estimate the parameters σ0 and ρ0 with
higher precision. This means that we can achieve the
ultimate bound of parameters σ0 and ρ0 using measure-
ment schemes feasible with current technology, e.g., the
precision of the estimation can be improved by choosing
the projective measurements corresponding to eigenvec-
tors of the particle states. In the next section, our main
aim is to estimate the Lorentz violation parameter σ0
with the minimum variance △σ0, which is the ultimate
bound of precision imposed by the quantum theory.
III. OPTIMAL ESTIMATION OF THE
LORENTZ VIOLATION PARAMETER
In this section, our aim is to investigate how pre-
cisely one can estimate the Lorentz violation parameters.
Specifically, we will estimate the parameter σ0 based on
the Cramr-Rao inequality. Thus we should at first eval-
uate the QFI in terms of the Bogoliubov coefficients αk
and βk which encodes information on the estimated pa-
rameter.
The quantum analogue of the Fisher information (3)
is defined as
F (θ) =
∫
dξ
Re(Tr[ρˆEξLˆθ])
Tr[ρˆEξ]
, (25)
where Eξ are the elements of a positive operator-valued
measure(POVM), ρˆ is the density matrix parametrized
by the quantity θ, and Lˆθ is a self-adjoint operator de-
fined by
∂θρ =
1
2
[Lˆθρˆ+ ρˆLˆθ]. (26)
The Fisher information can be shown to be upper
bounded by the QFI [38, 39]
F (θ) ≤ H(θ) ≡ Tr[ρˆLˆθ]. (27)
In order to estimate the parameter σ0 we need evalu-
ated the QFI of the particle state ρˆk parametrized by
the quantity σ0, i.e., we need calculated
H(σ0) = Tr[ρˆLˆσ0 ]. (28)
Since the density matrix ρˆk has a spectral decomposition,
Eq. (28) can be rewritten as
H(σ0) =
∞∑
n=0
1
λn
(∂σ0λn)
2
+ 2
∞∑
n6=m=0
(λm − λn)2
λm + λn
|〈nk|∂σ0mk〉|2, (29)
where λn = (1 − γk)γnk . Note that the first term in
Eq. (29) represents the classical Fisher information and
the last term contains the truly quantum contribution.
This term does not contribute to H(σ0) because |nk〉
and |mk〉 with n 6= m locate on different subspaces, i.e.,
〈nk|∂σ0mk〉 = 0 ∀n,m. We can obtain the analytical ex-
pression for the classical part of H(σ0) by introducing
the Eq. (23):
Hc(σ0) =
1
1− γk
∞∑
n=0
1
γnk
[∂σ0(1− γk)γnk ]2
=
(∂σ0γk)
2
1− γk
∞∑
n=0
γnk − 2∂σ0γk
∞∑
n=0
∂σ0γ
n
k
+ (1− γk)
∞∑
n=0
(∂σ0γ
n
k )
2
γnk
. (30)
Using the relations
∂σ0γk = −
pik4σ0
ωink ρ0
[
1
tanh(piω−ρ0 )
+
1
tanh(piω+ρ0 )
]
γk,
∂σ0γ
n
k = −
pik4σ0
ωink ρ0
[
1
tanh(piω−ρ0 )
+
1
tanh(piω+ρ0 )
]
nγnk ,
the classical part of H(σ0) is found to be
Hc(σ0) =
γ2k
(1− γk)2
pi2k8σ20
ωin2k ρ
2
0
[
tanh(piω−ρ0 ) + tanh(
piω+
ρ0
)
tanh(piω−ρ0 ) tanh(
piω+
ρ0
)
]2
.
(31)
5Notice that Hc(σ0) depends on the parameters σ0 and ρ0.
Thus, to find out the optimal working regimes we have
to maximize Hc(σ0) over these two parameters. Since
we assume that the Lorentz violation mechanism occurs
in the scale of Planck, the value of parameter σ0 has to
approach 1 from the left, i.e., σ0 7−→ 1−.
Figure 2. Classical part of H(σ0) as function of the k
for different values of the Lorentz violation parameter σ0 =
0.1, ..., 1.0 with ρ0 = 1 (left) and for different of the rate of
reduction ρ0 = 0.1, ..., 1.0 with σ0 = 0.1 (right). The higher
spectral peaks in (left) and (right) correspond to σ0 = 1 and
ρ0 = 1, respectively.
In Fig. (2) (left) we plot Hc(σ0) for different values of
σ0 as a function of the momentum k of the created par-
ticles. We can see that Hc(σ0) approaches its maximum
value for a specific momentum, kmax. This means that
modes with this characteristic frequency are more sensi-
tive to the Lorentz invariance violation. In other words,
modes with this characteristic frequency are more eas-
ily excited by dynamics of Lorentz violation mechanism.
In addition, this special behavior form the characteris-
tic peak that Hc(σ0) presents at a specific momentum
encodes information about the optimal value of σ0. Fig.
(2) (left) shows also that the characteristic peak increases
and shifts to the left as σ0 grows. To illustrate this result,
we show in Table I the relation between kmax and σ0. In
Fig. (2) (right) we also can observe that the higher spec-
tral peaks of Hc(σ0) increase and shift to the right when
the rate of reduction ρ0 grows. This results suggest that
a regime of non-adiabatic reduction (ρ0 large) favouring
the encoding of information about the effects of Lorentz
violation in early times.
The performance of a given estimator is quantified by
the mean square fluctuation, namely △σ0. Thus, the op-
timal estimator is the one that minimizes △σ0. Accord-
ing to the Cramer-Rao inequality, the optimizing over
all the possible quantum measurement provides a lower
bound: (△σ0)2 ≥ 1NHc(σ0) , where N is the number of the
identical measurement repeated. By using the Eq. (31),
the minimum variance corresponding to the optimal de-
tection of σ0 becomes
△σ0 ≥
√
(1− γk)2
Nγ2k
ωink ρ0
pik4σ0
[
tanh(piω−ρ0 ) tanh(
piω+
ρ0
)
tanh(piω−ρ0 ) + tanh(
piω+
ρ0
)
]
,
(32)
which shows the ultimate bound to the precision of the
parameter σ0 in a particular measurement scheme. The
numerical analysis of this expression is summarized in
Fig. (3).
Figure 3. (Left) The optimal bound △σ0 as a function of the
momentum k for different values of the Lorentz violation pa-
rameter σ0 = 0.1, ..., 1.0, where we have fixed ρ0 = 1. (Right)
△σ0 as a function of the parameter ρ0, where we have fixed
k = 1 and σ0 = 0.1. Both curves (left) and (right) are plotted
for N = 1010.
In Fig. (3)(left) we can observe that the minimum
bound is obtained for some optimal momenta, which are
the values of kmax. We also see from Fig. (3)(left) that
the minimum bound decreases as σ0 grows. The numer-
ical data of Table I indicates that the optimal minimum
bound approaches 0.76 × 10−4 as σ0 7−→ 1− (Planck
scale). This means that near Planck’s scale the inequal-
ity in Eq. (32) is saturated and the variance △σ0 is
as small as possible. Fig. (3)(right) shows the variance
△σ0 as a function of the parameter ρ0. Notice that when
ρ0 increases, the variance △σ0 approaches its asymptotic
minimum (△σ0 → 0), indicating a higher precision for es-
timation. On the other hand, the variance △σ0 diverges
when ρ0 → 0.
Table I. Optimal bound △σ0 for different values of kmax.
kmax σ0 △σ0 kmax σ0 △σ0
0.934 0.1 ≥ 3.73 × 10−4 0.711 0.6 ≥ 0.90× 10−4
0.896 0.2 ≥ 1.95 × 10−4 0.674 0.7 ≥ 0.84× 10−4
0.848 0.3 ≥ 1.39 × 10−4 0.641 0.8 ≥ 0.81× 10−4
0.799 0.4 ≥ 1.14 × 10−4 0.611 0.9 ≥ 0.78× 10−4
0.753 0.5 ≥ 0.99 × 10−4 0.584 1.0 ≥ 0.76× 10−4
In summary, one may observe that the minimum pos-
sible bound for the estimation of the Lorentz violation
parameter is obtained for some specific value of momen-
tum, kmax. Such result can be understood from the fact
that Hc(σ0) is maximum for the states with these specific
values of momenta. It is also shown that the variance
△σ0 approaches its asymptotic minimum as σ0 and ρ
grows, which indicates a higher precision for estimation
of the parameter σ0. Now days, our best data sets re-
garding the early universe come from observation of the
cosmic microwave background (CMB)[40, 41]. Recent
experiments have measured the polarization of the CMB
6at different positions in the sky. An unexpected twist in
that polarization would indicate a breakdown of Lorentz
invariance in early universe [42, 43]. Through the power
spectrum P (k) and its derivatives, we can use the Fisher
matrix formalism to estimate the accuracy of parameter
σ0. For instance, the Fisher information matrix for the
parameter σ0 can be computed as[44, 45]
Fσ0σ0 =
∑
k1,k2∼kmax
Cov−1(k1, k2)
dP (k1;σ0)
dσ0
dP (k2;σ0)
dσ0
,
(33)
where the covariance matrix Cov(k1, k2) between the
spectra of k1 and k2 is estimated as Cov(k1, k2) ≡
〈(Pˆ (k1)−P (k1))(Pˆ (k2)−P (k2))〉. Here, P (k) = 〈Pˆ (k)〉 is
the mean power spectrum. Since we focus on the optimal
momentum kmax, we can treat σ0 as a free parameter, and
hence the precision of determining σ0 for the given power
spectrum measurement is given by ∆σ0 = (Fσ0σ0)
−1/2.
It is noteworthy to mention that for k1 = k2 the Fisher
information matrix Fσ0σ0 is equivalent to the calculation
of Hc(σ0). Thus, it is possible to improve the precision of
the estimation of Lorentz violation parameter by access-
ing the Fisher information associated to the measurement
of the power spectrum or occupation number [46].
IV. CONCLUDING REMARKS
In this work, we investigate the estimation of the
Lorentz violation parameter by using tools of QET. We
have considered a simple toy model of a time dependent
deformed dispersion relation to investigate the effects of
Lorentz symmetry violation in a flat spacetime. We cal-
culated the classical part of the QFI as a function of
the Lorentz violation parameter σ0 and the momentum
k of the created particles and found that for each σ0
there is a maximum in a specific value of the momen-
tum, kmax. The values of kmax and the respective σ0 and
∆σ0 are disposed in Table I. We found that the ultimate
lower bound on the precision of estimation of the param-
eter σ0 is archived for a privileged value of momentum.
Our results show that the minimum bound decrease as
σ0 grows. In addition, they also show that the optimal
bound of △σ0 saturates when the value of the param-
eter σ0 approaches to 1 from the left. In this way, we
can improve the estimation of the Lorentz violation pa-
rameter by choosing particle states with specific values
of momentum. Our results imply that the intimate link
between Lorentz invariance violation and Planck-scale in
early universe affect significantly the performance of the
estimation of parameter σ0.
We would like to emphasize that although the model
for Lorentz violation we have used to derive our results is
far from a full quantum gravity theory, the results of this
paper shed light on the mechanism of Lorentz symmetry
violation in early universe. A complete and realistic ex-
tension of the ideas explored here would be interesting,
but goes beyond the scope of this work. In particular,
it would be interesting to investigate anisotropic effects
since the influence of anisotropy is observed in the spec-
trum of the CMB [47, 48]. Another interesting avenue
for future research would be to study the same problem
for Dirac fields, since it is well known that bosonic and
fermionic particle creation processes are qualitatively dif-
ferent. In an upcoming article we hope to report these
issues.
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